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Abstract 

We identify a non-local symmetry for Yang-Mills theories in 1 -|- 1 
and 2-1-1 spacetime dimensions. The symmetry mixes a vector current 
with the gauge field. The current involved in the symmetry is required 
to satisfy certain constraints. The explicit solution for the current obey- 
ing these constraints, is obtained in two spacetime dimensions and in the 
abelian case in three dimensions. We conjecture that the current is gen- 
erated from a non-local gauge and Lorentz invariant mass term in three 
dimensions and provide some evidence for it. We also posit a conserved 
current associated with the symmetry generators and derive some of its 
properties. In the Abelian case, we compute the symmetry algebra and 
show that additional symmetry generators have to be included for the 
algebra to close. The algebra contains an S0(2,l) subalgebra. We also 
comment on the implications of this symmetry for A/^ = 1 supersymmetry. 
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1 Introduction and outline 



We uncover a novel symmetry of Yang- Mi I Is theories in 1 + 1 and 2+1 dimensions. 
The symmetry presented in the paper involves the exchange of gauge fields with 
a current, J^, obeying the equations: 

D^J^ = Q, D[^J,]=F^,. (1) 

Along with the requirement that the current transforms in the adjoint represen- 
tation, these equations define J^. 

In the case of two spacetime dimensions, we show that currents following from 
gauged Wess-Zumino-Witten (WZW) models, which in turn can be regarded as 
mass-terms for the gluons, satisfy the above constraints. In the case of three 
spacetime dimensions, the constraints can be solved in the abelian case by a 
current derived from a non-local mass term. Although we are able to show 
that a current satisfying the constraint given above will generate a symmetry 
even in the non-abelian case, we cannot yet present an explicit solution to these 
constraints in three dimensions. However, as we argue in this paper, gauge 
and Lorentz invariant mass terms may serve as good candidates for generating 
solutions to these constraints. 

The mass-terms that we consider in this paper can be thought of as non- 
Abelian completions of the non-local term 

SMeUan = ^ A^^-fc) (^^'^ - A^k), (2) 

which is Lorentz and gauge invariant by itself in the Abelian limit in any number 
of spacetime dimensions. Since not many Lorentz and gauge invariant mass 
terms are known for gluonic degrees of freedom, it is worth commenting on the 
nature of the mass terms considered in this paper. In the case of two spacetime 
dimensions, gluons can be made massive by coupling them to gauged WZW 
actions. Such massive gluons have been studied extensively in the past in the 
literature on 1+1 dimensional QCD in the bosonized framework[5j El [7]. As 
mentioned at the outset, we show that such mass terms can also be seen to 
generate currents which can be used to define a novel non-local symmetry of two 
dimensional Yang-Mills theories. 

Gluonic mass-terms are much harder to formulate in three spacetime dimen- 
sions, however a few examples of candidate mass terms are indeed known in three 
dimensions. For instance, a Lorentz and gauge invariant generalization of the 
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gauged WZW action to three dimensions was provided by Alexanian and Nair 
(AN), who also showed that the AN mass-term is generated non-perturbatively in 
the effective action of pure Yang-Mills in three dimensions upon a gauge invariant 
evaluation of the re-summed gluon propagator[lJ. This fact can be regarded as a 
manifestly Lorentz covariant way of understanding the appearance of a mass-gap 
in the spectrum of Yang-Mills \n D = 2 + 1. A deeper and exact understanding 
of the mass-gap can be obtained in the gauge invariant Hamiltonian framework 
of Kim, Karabali and Nair[3j where the mass-gap is understood as a consequence 
of the finiteness of the volume of the gauge invariant configuration space of the 
purely gluonic theory. The volume measure on the configuration space induces a 
mass-term in the Hamiltonian whose covariantization has been shown to gener- 
ate two independent choices of gauge and Lorentz invariant mass terms in three 
dimensions[2j - one of the choices being the AN mass term alluded to earlier. 
Without being wedded to any particular choice of a mass term, we show that if 
the current following from a mass-term satisfies ([1]), then that current will also 
separately generate non-local symmetries for the Yang-Mills action as well as for 
the mass term from which the current follows. 

This paper is organized as follows. Section 2 is devoted to the study of the 
non-local 'current-field' symmetry in D = 1 + 1. In the following section, we show 
how such a non-local symmetry can be readily generalized to three dimensions. 
However, unlike in the case of two spacetime dimensions we will not be able 
to present a concrete formula for a mass-term - except in the Abelian case - 
whose current satisfies the constraints necessary for it to generate the non-local 
symmetry. We do, however, discuss and introduce the AN mass-term in 2 + 1 
dimensions in a self-contained manner and present some plausibility arguments 
in favor of it generating a current that satisfies the necessary constraints. In the 
same section, we also comment on some implications of this potential symmetry 
for supersymmetry. In section 4, we propose a conserved current associated with 
the symmetry and identify some of its properties. In section 5, we compute 
the algebra of symmetry generating charges in the Abelian case. In particular, 
we show that the iterated application of the symmetry transformations generate 
new non-local symmetries, and the algebra of symmetry generators has a closed 
5*0(2, 1) sub-algebra (which is distinct from the 5*0(2, 1) Lorentz symmetry). 
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2 FMi+i, Massive gluons and a Current-Field 
Symmetry 

A familiar context for studying mass terms for gluons in D = 1 + 1 is provided 
by two dimensional QCD with massless fermions ^SJ El 17] where the mass-term 
can be thought of as the effect of integrating out the fermions. One can equiv- 
alently regard the mass-term as the two dimensional Dirac determinant. This 
mass-term has the interesting effect of rendering the 1 + 1 dimensional strong 
force short ranged, leading to screening - as opposed to confinement - in 2D 
QCD with (strictly) massless fermions[7j. The mass-term for gluons generated 
upon integrating out massless fermions is nothing but the Dirac determinant, a 
regularized and gauge invariant expression for which can be provided in terms 
of a gauged Wess-Zumino-Witten (WZW) functional]. To be explicit, we in- 
troduce the complex coordinates z = x^' — ix"^, z = + ix^. Working with 
Euclidean signature, one introduces the complex matrix M to parametrize the 
gauge potentials as 

A = -dMM-^ (3) 

Under local gauge transformations generated by the unitary matrix U, M 
UM. Thus the associated hermitian matrix H = M is gauge invariant. The 
Dirac determinant can be related to a WZW functional with H as the dynamical 
variable by the following relation [H]: 

dQi{DD)R = det(a(9)e-^«^^^^[^l (4) 

R stands for the representation of the massless fermions under the gauge group 
(generated by 

AR = trit''t')R/tr{tH')f, (5) 
where / denotes the fundamental representation|§. 

Swzw[H] = ^ f tr{dHdH-') + f e'^Hr{H-^d,HH-^d,HH-^dkH). 
Zn j'R? iZn J 

(6) 

The first integral is over the complex plane, whereas the second one involves 
an extension of the plane to a three dimensional space, of which the plane is a 

very lucid summary of the connection of the Dirac determinat to the WZW model 
can be found in [8 -chapter-17. 

^In our conventions A = -if^A"-, tr(t"i'') = \5°-^. 
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boundary[H]. Using the Polyakov-Wiegmann identity Sy/zw can be written also 
as: 

Swzw[H] = Swzw[M] + Swzw[H] I A'^A^ (7) 

The variation of the \NZ\N functional can be computed using the relations [8] 

SSwzw[M] = a'^M^ SSwzwiM^] = ^ / a'^SA'^ (8) 

where: 

a = {M^)-^dM\ a = -dMM-^ (9) 

Thus: 

6Swzw[H] = -^J {J'SA'^ + J"M") (10) 

with J'^ = {A — a)", J" = (A — d)^. It can be seen from their definitions that 
the auxiliary fields a,d satisfy the 'eikonal' equations: 

Dd^ = dA, Da'' = dA\ (11) 

The currents, J, J are associated with a holomorphic (and anti-holomorphic) sym- 
metry of the WZW functional. For instance, Swzw[H] is invariant under the 
infinitesimal left (right) translation of if by a holomorphioc (anti-holomorphic) 
function: 5H = 6{z)H . The current associated with this symmetry is —dHH^^ 
which can be related to J as —dHH^^ = MVM^~^. There is a second sym- 
metry generated by the same currents. It is readily seen using ([5]) that: 

6A = iJe, 6A = -iJe (12) 

where e is real, is a symmetry of Sy/zw- What is surprising, but nevertheless 
true, is that ( IT^ is also a symmetry of the pure Yang-Mills action \n D = 1 + 1. 
To verify this claim, we note thalE|: 

5- J F'^^F'^^ = ~2 / ^"^^^ = ~^ / F^^DdA-DSAY = 2ie J F^iyDJ+DJf 
^ (13) 
The expression in the parentheses in the last term vanishes due to the 'eikonal' 
equations (ITTl) . Thus (11^ is a symmetry of both pure Yang-Mills theory as well 



^In the complex notation F = DA — dA. 
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as of the Swzw 'mass-term' that one can add to it in two spacetime dimensions. 
More generally it is a symmetry of each of the two terms of 

S'^' = -2 1 F'^F'^ - m^Swzw[H], (14) 

which can also be regarded as an effective action for 2D QCD with massless 
fermions. In the above equation m is an arbitrary number with the dimensions 
of mass, but in the context of massless fermions coupled to Yang-Mills theory 
in two dimensions it will be a specific function of the Yang-Mills coupling, flavor 
symmetry group of the fermions and the representation of the color group that 
the fermions transform under. 



3 Current-Field Symmetry for YM2+1 and Mass- 
Terms for Gluons 

We now study the question of whether the non-local symmetry of two dimensional 
Yang-Mills theory might have a 'lift' to three spacetime dimensions. Phrased 
differently, we will explore the possibility that there is a symmetry involving a 
Lorentz covariant current in analogy to the way that (IT^ was a symmetry of 

In what follows, we will assume that we have a current, J^, which transforms 
in the adjoint representation of the gauge group and satisfies the identities: 

D^J, - D,J^ = F^, (15) 
D^r = 0. (16) 

While we do not need to derive this current from an action, we will explore the 
consequences of a mass term associated with the current in the following sense. 
Suppose that we start with an action: 

/I TT)'^ 
d'xi—F^^F-'^n + —TiA) (17) 
^9 9 

where T is an as-yet- unknown mass term. We relate the current, J'^, to the 
variation of the mass term through: 

r{A^ + 6A^) = r{A^) + J d!'xr^{x)5A1{x) + ■■■. (18) 
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We first note that in the abelian theory, taking T to be of the form mentioned 
in the introduction, 

S = J <iMi^,F.^Fn + ^ / d'^A. - a^a^S") A. (19) 

yields the current = — d^-g^d'^A,y, which indeed satisfies the defining 
relations ( llSft and ( 1160 . In the non-abelian case, we are not able to find an 
explicit formula for the current or an associated mass-term. Nevertheless, we 
will explore the consequences of this current being derived from a putative mass 
term through its variation in the above sense. 
Our central result is that the transformation: 

SA^ = €^,,66" r, (20) 

where 69^ is a vector of infinitesimal parameters, is a symmetry of both the mass 
term and the usual Yang-Mills action. 

It is straightforward to show that the putative mass term is invariant under 
the above infinitesimal transformation: 

(5r = y d^xrf'{x)6A''^{x) (21) 

= J d^x.r^'{x)t^^p5e''rp{x) (22) 

= (23) 

The Yang-Mills action is also invariant, but one has to work a little harder to 
show this. Since under an arbitrary variation, the field strength transforms as: 

6F^, = D^6A, - DJA^ (24) 

the variation of under (!^ is: 

paf^u^pa^ = 2F''^'''{D^5A^f 

= F-^''e,pjeP{D^rr (25) 
= 25^°(-F'^°i(Do^^)" + F^'^^Dojy - F^^\D2J^y + F^^^DiJ^) 
+ 25e^{F''^\DiJ^Y - F^'^^Dijy + F"20(D2J^)" - F'^^^DoJ^) 
+ 26e\F^°\Dojy - F^'^^DiJ^ + F^^\D2J°f - F''^%D2J^T) 

Using ( [TBI) , the above reduces to: 

pa^^u^pa^ = -59''ep^pF''^"'{D,JPY 

= -6e^e^^''PF^^{{D^Jpr - {DpJ^r + (DpJ.r) (26) 
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Aside from raising and lowering indices we have added and subtracted {DpJ^Y 
to help simplify the expression. Using (ITSi) the above becomes: 

= -dp{5e'^e^''PF;j:) (27) 

The last equality follows from the Bianchi identity e^'^PiDpF^^) = 0. While the 
second equality above follows from the identity: 

>rncT uuppa pa 
^ fii/ up 

= 6e\F,\FS, + F^,FS,) + 5e\F^,F^, + F^.F^,) + 59\F^,F^, + F^,F^,) 
= (28) 

Thus the variation of the Lagrangian is a total derivative: 

6L = ^dpiSe'^e'^'^^F^^J:) (29) 

and the action is invariant. 



3.1 A potential solution to the constraints 

The natural question that arises is whether or not there is an actual solution to 
the constraints ( ITSl [TBI) in three spacetime dimensions. While we will not be able 
to answer this question definitively in this paper, we point out a very suggestive 
mass term due to Alexanian and Nair which might provide a potential solution. 

The three dimensional mass-term in question is a particularly elegant 'lift' of 
the two dimensional functional, Swzw, to three Euclidean spacetime dimensions 
constructed in [Ij, which we briefly review below. Key to many physical attributes 
of Swzw discussed above is the underlying complex structure presented by the 
two dimensional spacetime. Even though there is no preferred complex structure 
in three spacetime dimensions, one can construct an infinity of them using the 
angular variables of an auxiliary sphere (17) as parameters. Concretely, the three 
vectors 

Xq = (sin 6 cos 0, sin 6 sin 0, cos 6) 
Xi = { — cos 9 cos (j), cos 9 sin 0, sin 9) 

X2 = (-sine, cos 0,0) (30) 
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define an orthogonal coordinate system for all values of 6 and 0. The complex 
null vectors 

n = Xi+iX2, n = Xi-iX2 (31) 

can be regarded as defining a complex structure for every point on i70 which 
can be used to construct quasi-two dimensional complex quantities out of three 
dimensional 50(3) covariant vectors. For instance, starting with the gauge 
potentials A^, one can form: 



^+ = ^^X> ^- = ^^X (32) 



Three dimensionalS'0(3) invariant expressions can be recovered by integrating 
out the VL dependence of the corresponding quantities which are scalars in the 
quasi two-dimensional sense. For example: 

A,A^ = A / A^A_ (33) 



27T Jn 

Integration over can be thought of as averaging over the set of all complex 
structures in three dimensions and S0{3) invariant expressions in three dimen- 
sions can - as illustrated above - be generated in a twistorial form by averaging 
over this infinite family of complex structures. 

The covariant analog of Swzw was proposed in [T] to be 

nAUN = J dXodQK{A_„A_), 

where the kernel K is given by 

KiA^,A^) = -- f (^r(A+(l)A_(l)) + ^v^/(A+(l)) + ^v^/(A_(l))). 

TT Jl 

While 

;-l)" f tr{A{l)---A{n))d^Xi d^Xn 



2-n 2:122:23 ■ ■ ■ Znl TT TT 

The arguments of A refer to the different 'spatial' points X±. The transverse 
coordinate Xq is the same for all the A's in the above expression for /. 



*We emphasize that $7 has nothing to do with the spacetime, which is or i?^'^. 
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The expression for K is an exact parallel of the two dimensional expressionS'vi/ziy- 
Continuing with the parallels, the variations of K are given by 

^ = —r=—(A_-Ar, ^ = —Jl = —(A+-A+r (34) 
SAl 2n - 2n ' ' 6A''_ 2n + 2n ^ ^' ^ ' 

where the auxiliary fields A± satisfy the equivalents of ( ITTj) : 

D±A"^ = d^Al (35) 

The equations above are obviously very suggestive. The current ~ /Q(J+n^ + 
J-Tip) does satisfy -D^J^ = 0. However, it is not clear that after the integration 
over the angular variables is carried out Di^J^,] = F^y is satisfied. It may be 
noted though, that a plausibility argument for (!35l) to imply ( ITSl) was provided 
in[4j. To really understand whether or not the current derived from the AN mas 
term satisfies ( ITSi) one would need to better inderstand the infinite set of non- 
local interaction vertices contained in the mass-term, which we hope to address 
elsewhere. 



3.2 Implications for Af = 1 supersymmetry 

Although our focus in this work is on purely bosonic theories, the current-field 
symmetry discussed above has important consequences for minimal supersym- 
metry in three spacetime dimensions. As shown in[4j, the Yang-Mills action 
deformed by the AN mass term admits an A/" = 1 supersymmetrization. Fo- 
cusing on the Abelian limit, we point out that the symmetry described above is 
crucial for the consistency of the supersymmetry transformations given in [4J. In 
the Abelian case, it is easy to see that: 

Sm=i = ^I^J \f,.F>^'' + m^V{A) + ^{a,d^ + m)vl>) (36) 

is invariant under the supersymmetry transformation^: 

6aAf, = aa^^ 

5a^ = -'-e^ypFf^'^aPa + mJ^apa (37) 

The second term in the fermionic variation represents a mass-deformation of the 
supersymmetry algebra which the presence of the massive degrees of freedom 

^The Majorana condition in ^ = —i^S^a^ is implied 
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necessitate. Evaluation of the commutator of the supersymmetry transformations 
on the gauge field yields: 

8[p8u.]A^ = -2F^x{ooa^p) + 2ime^,xJ''{ooa^p) (38) 

The first term on the r.h.s has the usual interpretation of a combination of 
translation and gauge transformation of the gauge field. The second term is 
nothing but the result of the new bosonic symmetry studied in this paper acting 
on the gauge field. Although we presented the details of the Abelian theory 
above for the sake of transparency, the supersymmetry transformations readily 
generalize to the non-Abelian case[4j. Thus, the bosonic symmetry studied here 
can also be regarded as a consequence of supersymmetry, in the sense that the 
massive supersymmetry algebra contains this bosonic symmetry. 

We take this opportunity to correct an interpretational issue related to the 
closure of the algebra (1351) . From the explicit expression of the current = 
A^JL ~ d^^^d" Ay in the Abelian case, it is tempting to think of the second 
term in (1380 as a combination of a spacetime rotation and the composition 
of a rotation and gauge transformation of A^. Although the supersymmetry 
transformations given in [4J are valid, this interpretation of the underlying massive 
algebra suggested in that paper is inconsistent. The issue is that one cannot have 
the commutator of the supercharges (Q) close on spacetime rotation generators. 
For instance, the Jacobi identity 

[eQ, P]] + [P, eS]] + [P, [e-Q, ^Q]] = 

cannot be consistently satisfied if the commutators of the supercharges involve a 
term proportional to the spacetime rotation generators since the first two terms 
above will vanish while the last third term on the r.h.s will be generically non- 
zero. However, regarding the deformation of the transformation transformation 
5A^ = 2ime^i,\J^{uja^ p) as a symmetry that involves as a non-local field re- 
definition of the gauge potential (and hence commutes with the momentum 
generator P) avoids this interpretational problem completely. Thus not only is 
the new current-field symmetry implied by considerations of supersymmetry it is 
also necessary for the consistency of the mass-deformed supersymmetry algebra. 

4 Noether current 

Continuous symmetries of Lagrangians imply, according to Noether's theorem, 
the existence of corresponding conserved currents. The charges associated with 
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the currents generate the symmetries. Textbooks tend to focus on the case when 
the highest number of derivatives in the Lagrangian is 2, a situation in which the 
construction of the Noether current is particularly straightforward. The textbook 
method can easily be extended to theories with any number of derivatives capped 
by some fixed number. In the case at hand, however, we are dealing with the 
an infinite number of derivatives due to the presence of a non-local term in the 
Lagrangian. In general, it is difficult to find a method for deriving the Noether 
current. Nevertheless, in the present situation, it is relatively simple to make a 
plausible guess for the Noether current. 

Without any pretense of rigor in the "derivation", we will construct a con- 
served current. If we do not worry about operator ordering and the commutation 
properties of J and A, (!2Ui) is generated by: 

v^Qx = v''J d\ex^ull''^{x)r''{x) (39) 

where Il"-^{x) is the conjugate momentum of A^{x): 

[A';{x),U"'{y)] = t6^X^^'\x-y) (40) 

Instead of attempting to quantize the full non-local theory and computing the 
conjugate momentum of the gauge field, we will simply consider the simplest 
case where m = and try to accommodate the m ^ case as needed. Since 
in the pure Yang-Mills case, the canonical momentum of Aq vanishes, we will 
proceed by setting it to zero: 

v^Qx = v^J d^xexr,E''\x)r''{x) (41) 

Since Qx should be the space integral of the time component of the Noether 
current, Qx = J d^M^x where Mqa is the component of a current, then one 
might make the following naive guess for the Noether current: 

M^^ = g^se^upF'^'-'r' (42) 

However, this current is not conserved 

d'^M,, = e.^^im^r^r" + F'^'-'Dsrn = e.^rF'^'^Dsr^ (43) 

We made use of the equation of motion: D^F^^'^ = m^J" above. By using (IT5|) . 
the above expression can be put into the following convenient form: 

d^'M^^ = ^ep.rF^P'^D.r^ (44) 
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Given the variation of the action (1271) . it is natural to consider a modified current: 

1 

— ( 
2 



= gaSe^urF'^'^'r^ - -^puaF'^'^r, (45) 



In the previous section we proved (I27p that: 

d^ie^^pF^^^'^j:) = t,,,F^^^{D„rr (46) 

Using the above equation, it is straightforward to prove the following identities: 

d^L^p = 
d^L^p = 

LI = ^ep^^F'^P^r- (47) 

The current Lp^, is conserved both in the m = and m 7^ cases. The 
charges computed from the above currents: 

Qp = j d^xLo, = I d^x{~t^,rF'^^'r^ - F-^'^j;) (48) 

differ from the ones we started with in the m = case but still generate the 
transformation if [Ap, JJ\ = 0. In the Abelian case, where J has a particu- 
larly simple expression, one can check that the current and gauge field do indeed 
commute. 



5 The symmetry algebra in the Abehan case 

The Abelian case is considerably simpler than the general one. In this case, we 
are able to provide closed form expressions for J and compute the algebra of 
charges, [Qp,Qu], by evaluating the commutator under (1200 : 

{6'6 - 66')Ap = 5e^5e'-{eJe^ppJP + eJep.pd^^F^") (49) 

The first term on the right hand side is a variation of the same form as (I2UI) . If 
the second term on the right hand side were absent, the algebra of charges would 
be S0(2,l). However, this is not the case, and since the second term is not of 
the form (!^ . the symmetry algebra does not close on the generators of (I2D1) 
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alone. It remains to see whether the algebra can be made to close by adding a 
finite number of new generators. 

The second term on the right hand side of (l49l) suggests a new symmetry of 
the action: 

52A, = 5rd„e,,^^F''^ (50) 

One can check that this is indeed a symmetry of the mass deformed action for 
all values of m ( including m = 0). The commutator of (ISUI) with itself vanishes: 

{828'^ - 8'^82)A^ = (51) 

We consider next the commutator of the symmetries ( !20f ) and ( l50i) : 

{8182 - 828i)A^ = 28e''8rd^dp^J„ (52) 

For clarity, we have introduced the notation 81 as the variation that we called 8 
in (I2PI) . The right hand side corresponds to transformations: 

8,A, = Y^'d.d.^J. (53) 

where, 7^"^ is a traceless {j'^^Qpa = 0) matrix of constant parameters. Because of 
the appearing in (1531) . the transformation (1531) is a gauge transformation and, 
therefore, both F^j, and are invariant under (1531) leaving the action invariant, 
trivially. It is useful to split ^3 into two variations according to the symmetry 
properties of Y"'- 

83 = 83A + 83s (54) 
83AA, = <^"'d,Q^F<r, (55) 

83sA, = (^'-'dMo^J^ + (56) 

where 

a"- = -a^P , = , pp^gp^ = 0. (57) 
Defining generators for the transformations (!20l) . (!50l) . and ( l53l) as: 

8iA^ = [i8e''Q^^\A^] (58) 

82A^ = [i8rQfKA,] (59) 

53aA^ = [i8aP''Q%^\A^] (60) 

535^^ = [i8rQ%'\A,] (61) 
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The relations (1490 . (1521) and (ISTl) can be expressed as: 



[Q'i\Q\^^] = ^%u\QV + Qf) (62) 

[Q?\Qt'^] = (63) 

[Qi^\Qt^^] = ^(Q?/^ + Q2f^) (64) 

(65) 



In addition to the above commutation relations, we should compute commu- 
tators of Qf^\ Q^pu^ with all other generators, for completeness. However, since 
Qfif^iQfv^ generate gauge transformations on A^, their commutators with all 
other generators are also gauge transformations. This can be seen as follows 

h5^A^ = (66) 
since 6iA^ is gauge invariant for any i, but 

6i.6sA^ = Y^d^dp^diJ, (67) 

Therefore, 

(5,53 - h5i)A^ = d.iY^dp^d.J,) (68) 

is a gauge transformation and the algebra generated by and Q^^^ closes up 
to gauge transformations. In particular, 

[Q^^ + Qf. Q^J' + Q?'] = V(Q?^ + Q?') + 2^Q?/^ (69) 

is an S0(2,l) sub-aglebra up to gauge transformations (since Qf^^^ generates 
gauge transformations). This S0{2, 1) symmetry (50(3) in the Euclidean case) 
is distinct from Lorentz transformations. In general, for the non-Abelian, as 
well as the Abelian case, iterated commutators of the current-field symmetry 
transformations generate new non-local transformations. It would obviously be 
extremely interesting to try and understand the algebraic structure behind the 
symmetries obtained by these iterated commutators. 



6 Concluding remarks 

Several questions that require further attention are naturally prompted by this 
study. The most obvious question to ask is whether or not there are solutions 
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to ([T]) in three spacetime dimensions. Making a concrete statement about the 
existence of solutions to these equations would be interesting in its own right. If 
these constraints can be solved, establishing the putative non-local symmetry in 
three dimensions, a pressing issue would be to understand the precise structure 
of this symmetry. As shown in the last section, even the Abelian case has a 
lot of structure. We found that the algebra of symmetries does not close 
on itself and it is necessary to extend to include a new set of symmetry 
generators (!50l) . The algebraic structure has some intriguing features and it 
would be interesting to understand the corresponding story in the general non- 
Abelian case. 

Also, as pointed out earlier in the paper, a better understanding of the inter- 
play between the current-field symmetry and supersymmetry in three dimensions 
is needed for understanding various issues related to the interplay between su- 
persymmetry and mass-gaps in the spectra of supersymmetric gauge theories in 
D = 2 + 1. We hope to address these issues in the near future. 

Another interesting set of questions has to do with whether or not there is 
a Hamiltonian counterpart to this new symmetry. Since the symmetry discussed 
in this paper involves transformations that are non-local both in space and time, 
generalizing this discussion to a Hamiltonian framework of a non-Abelian theory 
is not straightforward. Whether or not this symmetry plays a role in the gauge 
invariant Hamiltonian framework of the three dimensional gauge theory [3] is 
obviously an open and interesting question. 

It is also natural to ask, if the existence of solutions of ([T]) violates the 
Coleman-Mandula theorem[15j. The Coleman-Mandula theorem requires the 
symmetry generators of interacting Lorentz invariant theories to be Lorentz 
scalars, which the symmetry generators are obviously not. The two cases where 
we have been able to construct explicitly in this paper - an interacting the- 
ory in 1 + 1 dimensions, and a free (abelian) theory in 2 + 1 dimensions - are 
both exempt from the domain of applicability of the theorem. A non-abelian 
solution to ([1]) in three spacetime dimensions might, at least naively, appear to 
be at odds with the Coleman-Mandula theorem. However, given that we expect 
such a current to be both non-local in space and time it might also be exempt 
from the Coleman-Mandula theorem, since an implicit locality of the symmetry 
generators is assumed in the derivation of the theorem. 

Finally, on a speculative note, we comment on the iterated commutators of 
the non-local current-field symmetry transformation which were shown in the last 
section to generate new non-local symmetries. It is tempting to note that the 
existence of higher conservation laws generated by iterated commutators of a 
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non-local symmetry operation, is reminiscent of Yangian symmetries that inte- 
grable systems, such as the Heisenberg spin chain, often possess. In the context 
of a higher dimensional quantum field theory Yangian symmetries have recently 
been shown to play a crucial role in rendering the Hamiltonian of A/" = 4 super 
Yang-Mills on TZ x S'^ integrable (for recent reviews and older pedagogical in- 
troductions to the subject see [TTl [121 [HI [II])- 't would be natural to explore 
if the spacetime S0{2, 1) Lorentz symmetry fuses with the non-local symme- 
try transformation laws given here to form a Hopf algebraic structure, such as 
a Yangian. Perhaps a fruitful starting point for understanding this issue is the 
D = 1 + 1 version of the current field symmetry discussed earlier in the paper. 
Since the pure glue theory in two dimensions is an integrable system [TU], as is 
the Wess-Zumino-Witten model, understanding how the current-field symmetry 
is embedded in the infinite tower of conserved charges of these theories might 
help us understand its algebraic properties in the three dimensional case as well. 
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